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Abstract In this study, physical quantities of a nonequilibrium system in the stages of its
orientation towards equilibrium has been formulated by a simple cumulative diminuation
mechanism and Fibonacci recursion approximation. Fibonacci p-numbers are obtained in
power law forms and generalized diminuation sections are related to diminuation percents.
The consequences of the fractal structure of space and the memory effects are concretely
established by a simple mechanism. Thus, the reality why nature prefers power laws rather
than exponentials ones is explained. It has been introduced that, Fibonacci p-numbers are
elements of a Generalized Cantor set. The fractal dimensions of the Generalized Cantor sets
have been obtained by different methods. The generalized golden section which was used
by M.S. El Naschie in his works on high energy physics is evaluated in this frame.

1 Introduction

In the formation of self-similar life forms nature prefers certain sections. Most important
one of those sections is named as divine section which is φ = 0.618. In this preference
of nature, it is accustomed to wisdom and scientific thought that nature takes care of the
outcoming achievement to be sound, economical, maintainable and esthetic. From historical
developments point of view; it is observed that human beings as a part of nature, have been
using golden section in a harmonious manner with nature in architecture and art works [1–5].

Nowadays progressing researches expose that golden section is encountered in a wide
spectrum starting from deoxyribonucleicacid (DNA) which encodes the genetic inheritance
of human beings, extending to particle physics [6–8].

In this study, creation of the golden section is put forward by a dynamical mechanism of
a cumulative diminuation. More over, it is shown that golden φ is closely connected with the
cumulative progress of the processes and φ is related to the reduction rate λ. On the other
hand, a relation with λ and the fractal dimension of the process is established. In ordinary
approaches, which are non-Markovian with Euclidean geometry, the fact that the process
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possesses long range memory effect and evolves in a fractal geometry have not been taken
into account. In our opinion, as a consequence of this approach, the effect which arises in
cumulative diminuation, does not take the place it deserves in numerical systems in other
words in mathematical descriptions. Here in our approach, the fractal structure of space and
the long range memory effect exhibit themselves naturally as a cumulative diminuation ef-
fect. Our point of view is that one of the most appropriate number systems is Fibonacci
p-type numbers. From this angle of vision, we have the conviction that harmony mathemat-
ics which is constructed by number systems which take into account the fractal property of
space and memory effect is a necessary and a natural instrument in the description of the
evolution of physical phenomena [6, 8]. Therefore, distribution functions which are recog-
nized in exponential mathematical forms should be in power forms [9–11].

In Sect. 2 of this work, the diminuation mechanism of the model process is brought up by
Fibonacci approach and the mathematical formulation is carried out. In Sect. 3, the physical
origin of the q-entropy index which was introduced in nonextensive statistical mechanics
is explained. In Sect. 4, Generalized Cantor set whose elements are constructed from the
powers of cumulative generalized section is introduced. In Sect. 5, the fractal dimensions of
the Generalized Cantor sets are obtained. In Sect. 6, the fractal dimension calculations are
carried out using another method and Pisot-Vijayvaraghavan (P-V) number is calculated. At
the end of the work, conclusions and discussions are given.

2 Mathematical Formulation of Cumulative Diminuation

Cumulative diminuations are met in our daily life and examples may be given as extinguish-
ing of a fire, lowering of the value of currency with inflation, decreasing of a population and
disintegration of a rock.

With the purpose of putting forward the mechanism of cumulative diminuation let us
consider a system which diminishes in the course of time. This study might be considered
as a reverse process of the historical Fibonacci’s rabbit generation problem. In other words,
in the course of time population of a certain number of rabbits decreases.

As an example to our approach, let the quantity a which is possessed at the beginning of
the diminuation, disintegrate cumulatively with a reduction rate λ. Let the quantities which
the amount a will attain later, at time intervals 0,�t,2�t, . . . , n�t be A0,A1,A2, . . . ,An

respectively. Now we define cumulative diminuation for a p-process such that; the amount
possessed at the r th step is obtained by subtracting the disintegration amount in the (r −1)st
step (i.e. a�tλp) from the amount at the (r − 1)st step. With this mechanism, quantities at
r = 0,1,2, . . . , nth steps are obtained in the following form:

0 A0 = a,

�t A1 = (1 − λp�t)a,

2�t A2 = (1 − λp�t)2a,
...

...

r�t Ar = Ar−1 − λp�tAr−1 = (1 − λp�t)ra,
...

...

n�t An = (1 − λp�t)na.

(1)

Generally, reduction rate for a p-process could be defined as

λp = − �A

A�t
, 0 ≤ λp ≤ 1 (2)
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which is the disintegration percent per unit time. Taking into account the fact that for a
process with a duration time t , diminuation time interval is

�t = t

r
, (3)

then generally for the r th step of the process

Ar(t) = a

(
1 − λp

t

r

)r

(4)

could be obtained. It is seen that diminuation is an expression in power law form. If t takes
very large values, using the definition of number e

A(t) = ae−λpt (5)

is obtained. This result could also be obtained by following a different way. Starting from
the assumption that change in A presented in (1) is proportional to A and dt one could write

dA = −λpAdt. (6)

Minus sign on the right hand side of (6) shows that A decreases in the course of time in
other words the process is a reduction. A solution to (6) is

A(t) = e−λpt elnC (7)

where C is an integration constant. If the initial condition A = a for t = 0 is taken into
account A is calculated to be,

A(t) = ae−λpt (8)

and this is the solution of (6). Therefore, one could say that (8) is valid for the cases where
total time t of the process is large enough that is to say when the system exhibits asymptotic
behavior.

For deviations from the asymptotic behavior, using the demonstration obtained by
C. Tsallis in nonextensive statistical mechanics [9], the interval 0 ≤ n ≤ ∞ could be
squeezed to a more narrow interval. For this purpose let us take

n = 1

q − 1
. (9)

It is obvious that for q → 1, n → ∞ and for q = 2, n → 1. In this case, (4) could be written
as

A 1
q−1

(t) = a[1 − (q − 1)λpt] 1
q−1 ; 1 ≤ q ≤ 2 (10)

or

A 1
q−1

= eq(−λpt). (11)

For q → 1, (10) and (11) are identical to (5);

A∞(t) = ae1(−λpt). (12)
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The results achieved here are in one respect closely related to the definition of the logarithm
of x and according to our investigations is equivalent to the representation

lnx = lim
n→∞

x
1
n − 1

1
n

. (13)

Thus, by taking into account the definition of the logarithm of a number given by (13) one
could express correctly the diminishing processes of cumulatively diminuating systems.

Keeping in mind this definition and after solving (6) one ends up with:

An = a

(
1 − λpt

n

)n

. (14)

In this study, to indicate the importance of the variation mechanism in cumulative dimin-
uation processes dA ∝ A is taken. In more complex processes where dA is proportional to
the powers of A, solution of (6) becomes Mittag-Leffler function.

The power form of the expression in (4) which gives the number of steps in the process,
originates from the nature of the cumulative diminuation mechanism. With its recurrence
characteristics, (4) carries the genetic effects of the past on the other hand from the point of
view of extending over a wide time interval it covers in itself long range memory effect. We
call this common effect as cumulative effect. If cumulative effect is taken aside by choosing
�t = 1 it is obvious that

A0 = a, A1 = a − λpa, A2 = a − 2λpa, . . . , An−1 = a − nλpa. (15)

One could say that, in cumulative diminuation, the cumulative effect leads to an excessive
exhaustion of the system under investigation. It is seen that, in order to keep the system
under control, the factors which slow down the process or resist to cumulative diminuation
are important. Since it is essential that the system must be long sustainable, introduction of
the parameters which reduce the cumulative effect is a necessity.

In order to exhibit the additive influence of the cumulative effect explicitly, sum of the
amounts reached at the steps 0,�t,2�t, . . . , n�t would be more meaningful. Therefore, let
us write the sum

T =
n∑

r=0

(1 − λp�t)ra. (16)

Since the sequence in (16) is a finite-geometrical sum, one could perform the summation
leading to

T = 1 − (1 − λp�t)n+1

λp�t
a (17)

where (1 − λp�t) is a common factor.
In the (1 − λp�t)n+1 � 1 case, in other words for λp�t → 1 one gets

T = a

λp�t
. (18)

That is to say T → a, namely remains relatively identical. In the case of simple diminuation
where λp � 1, the total amount is found as
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T =
n∑

r=0

(a − rλpa) = (n + 1)a

(
1 − n

2
λp

)
. (19)

A comparison of (17) and (19) clearly exhibits the cumulative effect.

3 Relation of Cumulative Diminuation with Thermostatistics

According to our evaluations, the laws of physics obtained using Euclidean geometry which
is not appropriate for describing the nature and by non-Markovian approaches, remain inad-
equate.

Consequently scientists incline towards new explorations. C. Tsallis’ generalized entropy
and his generalization of Boltzmann distributions could be evaluated in this content. C. Tsal-
lis generalized the entropy and with this point of departure obtained the distribution func-
tions. Tsallis pointed out that the entropy index that he exposed in his works was related to
the fractal structure of space and to the long range memory effect of the phenomena. Authors
of the present study, starting from Tsallis’ approach, generalized the entropy and distribution
functions belonging to quantum systems [10, 11]. Other workers have conducted research
on the applications of generalized quantum distributions but here we are in a position to cite
only some of them [12–15].

In this study the physical origin of the entropy index q (which is introduced in nonexten-
sive thermostatistics) is put forward by proposing a equitime interval evolution of a process
in a fractal space in a consecutive manner and by putting ahead the cumulative diminuation
effect. In this context, taking into consideration (9) one could say that, the entropy index
q shows the number of steps, a nonequilibrium physical system undergoes while tending
to equilibrium after interacting with the environment and q = 1 corresponds to the state of
equilibrium of the system. Here, by pursuing the Fibonacci recurrence approach long range
genetic effect is introduced and by the discrete evaluation of the phenomena, the fractal
property of the space has been taken into consideration.

4 Cumulative Diminuation and Generalized Section Scale

When calculating the fractal dimension in a cumulative diminuation process, it is instructive
to establish a relation between fractal geometry, cumulative diminuation mechanism and
generalized golden section. In the generalization of golden section, a segment AB is divided
by a point C using the section

CB

AC
=

(
AB

CB

)p

(20)

where p = 0,1,2, . . . .
Generalized golden section problem could algebraically be reduced to [6]

τp+1
p = τp

p + 1 (21)

where τp is a positive root of (21).
Although Fibonacci numbers are generally attributed to growing systems, it is obvious

that this approach could also be applied to diminishing systems.



Int J Theor Phys (2008) 47: 606–616 611

With the diminishing mechanism we have mentioned before, Fibonacci p-numbers di-
minish with respect to the power law expression:

Fp(n) = (1 − λp)na (22)

particularly at the further steps of the process. Thus, Fibonacci p-numbers set forms a set
with elements

{a, (1 − λp)a, (1 − λp)2a, . . . , (1 − λp)na} (23)

for a cumulatively diminishing system. If

a = 1 and φp = 1 − λp = 1

τp

(24)

is taken, then expression (23) becomes

{1, φp,φ2
p,φ3

p, . . . , φn
p }. (25)

This set could be named as “Generalized Cantor Set”.

5 Calculation of the Fractal Dimension of the Generalized Cantor Set

Decreasing Fibonacci p-numbers describe a cumulative diminuation process. Let us apply
the cumulative diminuation mechanism presented in Sect. 3 to the diminishing of a length
expressed by a. That is to say, let us assume that the amount of length An−1 which is owned
at the step (n − 1) diminishes (reduces) by an amount λpAn−1 in order to establish the
amount An at step n. Thus elements of the set obtained by cumulative diminuation could be
written as

A0 = a,

A1 = a − λpa = a(1 − λp) = a − L1; L1 = λpL0,

A2 = A1 − λpA1 = A1 + L1 − λpL1 = a(1 − λp)2; L2 = λpL1,

...

An = An−1 − λpAn−1 = An−1 + Ln−1 − λpLn−1; Ln = λpLn−1.

(26)

It follows that in the present case, An at the nth step is attained by adding Ln−1 to An−1 of
the (n − 1)st step and then a subtraction λpLn−1 succeeds.

According to Mandelbrot’s definition one could write

An+1 = constL
d−Dp

n+1 ,

An = constL
d−Dp
n

(27)

where d is the dimension of measure, while Dp is the dimension of Hausdorff-Besicovitch
dimension. Then from (23) the following expression could be written down:

An+1

An

= (1 − λp)n+1

(1 − λp)n
; Ln+1

Ln

= λp. (28)



612 Int J Theor Phys (2008) 47: 606–616

By substituting (28) into (27) one could find out the generalized Hausdorff-Besicovitch
dimension of the measurement of the system:

Dp = d − ln(1 − λp)

lnλp

. (29)

This dimension is the dimension of the set which is given by (23) and (25). From (29)
dimensions for Fibonacci p-type Cantor sets, are numerically given in the following forms:

for p = 0, φ0 = 1 − λ0 = 1

2
, λ0 = 1

2
= 0.5, D0 = 0,

for p = 1, φ1 = 1 − λ1 = 1

1.618
, λ1 = 0.382, D1 = 0.5,

for p = 2, φ2 = 1 − λ2 = 1

1.465
, λ2 = 0.317, D2 = 0.668,

for p = 3, φ3 = 1 − λ3 = 1

1.379
, λ3 = 0.275, D3 = 0.751,

for p = 4, φ4 = 1 − λ4 = 1

1.321
, λ4 = 0.245, D4 = 0.801,

. . .

for p = ∞, φ∞ = 1 − λ∞ = 1, λ∞ = 0, D∞ = 1.

(30)

Here we have used φp sections given in Ref. [6].
As an application let us calculate the H-D dimension of the classical triadic Cantor set

in the same manner. Since the element a of the set diminishes with the section λ = 1
3 one

obtains:

D = 1 − ln(1 − 1
3 )

ln 1
3

= ln 2

ln 3
. (31)

Thus, classical Cantor set is a set which has a disintegration constant λ = 1
3 and has the

elements {1, φ,φ2, . . . , φn−1}. In other words, it is a set whose elements are {(1 − 1
3 )a, (1 −

1
3 )2a, . . . , (1 − 1

3 )n−1a}. Here in this case φ is taken as

φ = 1 − 1

3
= 1 − λ.

What calls ones attention here is that; in the generalized golden section one obtains a rational
number of the form 1

τ1
= φ1 = 1 − λ1D1 = 0.5. Whereas now the diminishing percent is

λ1 = 0.382.
Owing to a theorem sated by Mauldin-Williams, with the probability of one, a randomly

constructed triadic Cantor set has the Hausdorff-Besicovitch dimension equal to the golden
section. With the method developed in this study, the diminishing section λm of the con-
comitant set related to this dimension, could be calculated using (29). Without proceeding
into the calculations one could state that 0.317 < λm < 0.382. For the section φm on the
other hand, one could see that it is in between the values φ1 = 0.618 corresponding to p = 1
and φ2 = 0.682 corresponding to p = 2.

As it could be recognized, starting with a quantity a and passing through a continuous
cumulative diminuation process, one ends up with a Cantor dust as a result. One notices that
decreasing in the diminishing percent (λp) leads to an increase in the dimension. However
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this is expected as a natural conclusion of the fractal property of space. Meanwhile this is a
result which determines the structure.

6 Cumulative Diminuation, Generalized Sections and Physical Applications

In M.S. El Naschie’s works on high energy physics and electromagnetic weak interactions
golden section φ1 plays a very important role [16–21]. Let us calculate the averages of the
powers of the set elements of the Cantor set we have obtained by our generalized sections
and also calculate the mean square of the powers of the set elements. From the random fluc-
tuation theory we know that in a random set 〈n2

p〉 (not 〈np〉) possesses a physical importance
and it gives the dimension of the space-time it represents. In this connection let us return to
the calculation of the generalized Pisot-Vijayvaraghavan (PV) number.

By taking into consideration this set some of the quantities could have physical corre-
spondence. First of all, the elements of the set gives the total population. Thus, the popula-
tion of a cumulatively diminishing assembly becomes

Zp = 1 + φp + · · · + φn
p + · · · . (32)

Since (32) is a geometrical series whose common factor is φp (φp < 1), one obtains

Zp = 1

1 − φp

(33)

where n → ∞ and φn
p → 0 is taken.

As a special case if p = 1 is chosen one gets

Z1 = 1

φ2
1

= (1 + φ1)
2 = 2 + φ1 = 2.618 (34)

where we have used the following properties of the golden section:

φ1 = 1

1 + φ1
and 1 − φ1 = φ2

1 . (35)

On the other hand, for the generalized Cantor set,

Sp(n) =
∞∑

n=0

nφn
p = φp + 2φ2

p + · · · + nφn
p + · · · (36)

could give an idea about the total weight which shows the step number weighed total. This
in turn is calculated to be

Sp(n) = φp

∂Zp

∂φp

= φp

∂

∂φp

1

1 − φp

= φp

(1 − φp)2
. (37)

When p = 1 total S1 for the golden section is obtained:

S1 = φ1

(1 − φ1)2
= φ1

φ4
1

= 1

φ3
1

= (1 + φ1)(1 + φ1)(1 + φ1) = (1 + φ1)(1 + 2φ1 + φ2
1)

= (1 + φ1)(1 + 2φ1 + 1 − φ1) = (1 + φ1)(2 + φ1) = 1 + 3φ2
1 + 3φ1 + φ3

1
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= 1 + 3(1 − φ1) + 3φ1 + φ3
1 = 1 + 3 − 3φ1 + 3φ1 + φ3

1 = 4 + φ3
1

= 4.236067977. (38)

Taking into account (33) and (37)

np = Sp(n)

Zp

= 1

1 − φp

= 1

λp

(39)

is found. For the special case p = 1 one arrives to

n1 = 1

φ2
1

= 2 + φ1 = 1

λ1
= 2.618. (40)

From (39) for the values

(p = 0, φ0), (p = 1, φ1), (p = 2, φ2), . . . , (p = ∞, φ∞)

one gets

n0 = 2, n1 = 2.618, n2 = 3.155,

n3 = 3.636, n4 = 4.082, . . . , n∞ = ∞.
(41)

Following M.S. El Naschie [16], let us calculate the fractal dimension Dc
p for the generalized

Cantor set:

Sp(n2) =
∞∑

n=0

n2φn
p = φp

∂

∂φp

Sp(n) (42)

could be written down. On the other hand taking the value given in (37) for Sp(n) one ends
up with:

Sp(n2) = φp

1 + φp

(1 − φp)3
. (43)

For the generalized Cantor set, taking into account (32) and (35), the fractal dimension is
obtained as

Dc
p = Sp(n2)

Sp(n)
= 1 + φp

1 − φp

.

The dimensions corresponding to

(p = 0, φ0 = 0.5), (p = 1, φ1 = 0.618), (p = 2φ2 = 0.683), (p = 3, φ3 = 0.747),

(p = 4, φ4 = 0.755), . . . , (p = ∞, φ∞ = 1)

of a p-type Cantor set are respectively found to be:

Dc
0 = 3, Dc

1 = 4.236, Dc
2 = 5.309, Dc

3 = 6.905, Dc
4 = 7.164, . . . , Dc

∞ = ∞.

In the special case p = 1, the fractal dimension is the (PV) number [16] which is given by

Dc
1 = 1 + φ1

1 − φ1
= 4 + φ3

1 = 4.236 . . . . (44)
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7 Conclusions and Discussions

The inadequacy of the expressions describing the physical phenomena which are obtained as
the results of works in Euclidean space and non-Markovian approaches directed the physi-
cists towards new searches. Therefore, in this content, the fractal property of space and the
long range memory effect have been taken into account on the course of successive evalua-
tion of the processes.

Cantor set has been established with the segments obtained in the process. The exis-
tence of the golden section, which is encountered starting from high energy physics to other
branches of science and also art, is proposed by a straight forward mechanism and this sec-
tion is related to diminishing percent of the process. Moreover, in this study it is shown that
by a simple dynamical diminuation (disintegration) mechanism and with the generalized
diminishing sections, for the first time, to our knowledge, Generalized Cantor set is intro-
duced. Generalized fractal dimensions for Generalized Cantor sets are obtained in terms of
reduction rates. It is also demonstrated that, well known PV number is the dimension of a
special case of the set.

Furthermore, with the simple diminuation mechanism, the physical origin of the entropy
index q encountered in nonextensive thermostatistics has been clarified. On mathematical
grounds, it is established that as a result of cumulative effect, laws expressed in exponential
forms should be in power law forms. It is concluded that the cumulative diminuation effects
take into account the memory effect and the fractal property of space.
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